ALEXANDROFF TYPE MANIFOLDS AND 
HOMOLOGY MANIFOLDS 



V. TODOROV AND V. VALOV 

Abstract. One of the open questions in generalized Cantor man- 
ifolds is whether every AlexandrofF manifold with respect to the 
class D^-^ of all spaces whose cohomological dimension dime is 
< 71 — 2, where G is an abelian group, is a Mazurkiewicz Dq~^- 
manifold. In our search for the answer of this question we introduce 
and investigate different types of connectedness between disjoint 
subsets of compacta, and prove that every strong ii'g-manifold is 
a Mazurkiewicz ^^"^-manifold. We also establish a result imply- 
ing that if X is arcwise connected complete metric space which is 
either a homology n-manifold over a group G or a product of n 
metric spaces, then AT is a Mazurkiewicz arc n-manifold. 



1. Introduction 

Cantor manifolds were introduced by Urysohn [19] as a generalization 
of Euclidean manifolds. Recall that a space X is a Cantor n-manifold 
if any partition of X is of dimension > n — 1 [19] (a partition of X is a 
closed set P C X such that X\P is the union of two open disjoint sets). 
In other words, X cannot be the union of two proper closed sets whose 
intersection is of covering dimension < n — 2. Strong Cantor manifolds 
is another specification of Cantor manifolds which was considered by 
Hadziivanov [6]. Hadziivanov and Todorov [8J introduced the class 
of Mazurkiewicz n-manifolds, which is a proper sub-class of the strong 
Cantor n-manifolds: X is a Mazurkiewicz n-manifold if for any disjoint 
closed massive subsets A and i? of X (a massive subset of X is a set 
with non-empty interior in X), and any normally placed set M of X 
with dim M < n — 2, there exists a continuum in X \ M intersecting A 
and B (equivalently, no such M is cutting X between A and B). Here, 
M is a normally placed in X provided every two disjoint closed in M 
sets have disjoint open in X neighborhoods (for example, every F^- - 



2010 Mathematics Subject Classification. Primary 55M10, 55M15; Secondary 
54F45, 54C55. 

Key words and phrases. Cantor n-manifold, cohomological dimension, cohomol- 
ogy groups, homology n-manifold, ^"-continuum. 

The second author was partially supported by NSERC Grant 261914-08. 

1 



2 



subset of a normal space is normally placed in that space). The notion 
of a Mazurkiewicz n-manifold has its roots in the classical Mazurkiewicz 
theorem [13] that no region X in the Euclidean n-space can be cut by 
a subset M with dim M < n — 2 in following sense: any two points 
from X \ M can be join by a continuum K G X \ M. 

But the strongest specification of Cantor manifolds is the notion of 
y"-continua introduced by Alexandroff [1]: a compactum X is a V"'- 
continuum if for every two closed disjoint massive subsets Xq, Xi of 
X there exists an open cover a; of X such that there is no partition 
P in X between Xq and Xi admitting an w-map into a space Y with 
dimy <n — 2(/:P— T-yis said to be an oj-map if there exists an 
open cover 7 of 1" such that f~^{'~f) refines u). 

The above notions are related as follows: strong Cantor ra-manifolds 
are Cantor n-manifolds, every -continuum is a Mazurkiewicz n- 
manifold and Mazurkiewicz n-manifolds are strong Cantor n-manifolds 
[8]. None of the above inclusions is reversible [9]. 

More general concepts of the above notions were considered in [H] 
and [in]. In particular, we are going to use the following two, where C 
is a class of topological spaces. 

Definition 1.1. A space X is an Alexandroff manifold with respect to 
C (br., Alexandroff C -manifold) if for every two closed, disjoint, massive 
subsets Xq, Xi of X there exists an open cover u of X such that no 
partition P in X between Xq and Xi admits an w-map onto a space 
Y eC. 

Definition 1.2. A space X is said to be a Mazurkiewicz manifold 
with respect to C (br., Mazurkiewicz C-manifold) provided for every 
two closed, disjoint, massive subsets Xo,Xi C X, and every set F = 
Ui^o Fi C X with each Fi E C being proper closed subset of X, there 
exists a continuum i^' in X \ F joining Xq and Xi. If, in the above 
definition, Xq and Xi can be joined by an arc in X \ F, X is called a 
Mazurkiewicz arc C-manifold. 

It is still unknown if every Alexandroff D^~^-manifold is a Mazur- 
kiewicz D^~^-manifold, where Dq~^ is the class of all spaces whose 
cohomological dimension dim^ is < n — 2. Searching for the answer 
of this question, we consider in Section 2 different types of connect- 
edness between disjoint subsets of compacta. The starting point for 
our considerations in Section 3 was the following result of Krupski [TOj 
Proposition 1.7]: Let X be a locally compact locally connected sepa- 
rable metric space such that for all k < n and x G X the singular 
homology groups Hk{X, X\x) are trivial. Then every open connected 
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subset of U C X is a Cantor n-manifold. We establish that, under 
the hypotheses of Krupski's result, every connected open subset of X 
is a Mazurkiewicz arc manifold with respect to the class of all spaces 
whose covering dimension is < n — 2. The same conclusion also holds 
for arcwise connected open subsets of a complete metric space which 
is a product of n metric spaces. 

Finally, let us raise the following question (see Section 2 for the 
corresponding definitions) : 

Question 1.3. Let X be an Alexandrojf manifold with respect to the 
class Dq'^^ . Is it true that X is a Mazurkiewicz Dq'^'^ -manifold? What 
about when {X, F) is a KQ-manifold or X is a Vq -continuum? 

2. Alexandroff types connectedness of spaces 

In this section all spaces are assumed to be at least paracompact 
and G denotes an abelian group. For any space X the cohomological 
dimension dim^X is the smallest integer n such that H'^^^{X,A : 
G) = for all closed subsets Ad X. Here, : G) denotes 

the Cech cohomology group of the pair (X, A) with coefficients from 
G. If uj is an open cover of X and Z <Z X \s closed, we denote by 
and \uz\ the nerves of uj and the system ujz — {U H Z : U Go;}. For 
any such w and Z C X let ^ : H^{\u}\, \uJz\ : G) H^{X,Z : G), 
A; > 0, be the projection between the fc-th cohomology groups, where 
p^^: {X,Z) — )■ \u!z\ is a map generated by a partition of unity 
subordinated to oj (we call such a map Pi^^ to be natural). Further, 
iA '■ {A, B) — )■ (X, Z) denotes the embedding of the pair (A, B) into the 
pair {X, Z). Everywhere in this section we suppose that the coefficients 
of the cohomology groups are from a fixed group G and omit the symbol 
for the group of coefficients. 

Definition 2.1. Let P and Q be disjoint open subsets of a compactum 
X and F C X closed. We say that the pair {X,F) is Kq- connected 
between P and Q if there exist an open cover u oiY — X\(PU Q) such 
that the following condition holds for every partition C of X between 
P and Q: any natural map p^^ : (C, CflF) ^ {\^c\, |i^cnF|) generates 
a non-trivial homomorphism 

P:^ : H'^^HM; l^cnFl) ^ H^-\C,CnF). 

If, in the above situation, there exists also e G H"'^^{\u\, \ooFnY\) such 
that P^(j(Cc(^)) 7^ every partition C in X between P and Q, the 
pair (X, F) is called strongly KQ-connected between P and Q. Further, 
{X,F) is said to be a KQ-manifold (resp., strong KQ-manifold) if it is 



4 



f^g-connected (resp., strongly iTg-connected) between any two open 
disjoint sets P,QcX. 

Definition 2.1 is justified by the following result which was actually 
established by Kuzminov [12]: 

Theorem 2.2. Every compactum X with dime X > n contains a pair 
(y, F) of closed sets such that (y, F) is a strong KQ-manifold. 

Similarly, the definition of Alexandroff C-manifold yields the follow- 
ing one: 

Definition 2.3. Let P and Q be open subsets of a compactum X with 
P r\ P = 0. We say that X is C-connected in the sense of Alexandroff 
between P and Q (shortly, A{C)- connected between P and Q) if there 
exists an open cover uj of X\{PUQ) such that no partition of X between 
P and Q admits an w-map onto a space from the class C. 

Proposition 2.4. Let P and Q he open subsets of a compactum X 
with PnQ = and F G X closed. If the pair {X, F) is K^-connected 
between P and Q, then X is A{D''^~'^)- connected between P and Q, 
where D'^'^ is the class of spaces of dimension dime <n — 2. 

Proof. According to Definition 2.1, we can find an open cover u oiY = 
X\{PUQ) satisfying the following condition: for every partition C in X 
between P and Q and a natural map p^^ : (C, C fl F) — )■ {\oJc\-i I'^cdfI) 
there exists an element ec € H'^~^{\ujc\, \^cr\F\) with p*^(ec) 7^ 0. 

Suppose there exists a partition C of X between P and Q admitting 
an a;-map g: C ^ T onto a compactum T with dim^ T < n — 2. 
Thus, we can find a finite open cover r oi T such that v = g~^{T) is 
refining w. Letp^: (C, Cfl F) ^ Ii/ctifI) and p^: {T,g{Cr]F)) ^ 
(|r|, |rg(cnF)|) be natural maps. Obviously, the function 1/ G r — )• 
g^^iy) G u provides a simplicial homeomorphism gl: (|t|, \Tg(^cnF)\) 

\ ^cr\F\)- Then the maps p^ and g^ = dl ° Pt ° 9 are homotopic. 
Hence, 

(1) p: = 9*op>{9:r- 

Because H''-^{T,g{C n F)) = (recall that dimcT < n - 2), the 
homomorphism g* : H''-\T,g{C H F)) ^ H''-\C,C H F) is triv- 
ial. Then, by (1), so is the homomorphism p*: H'^^^{\h'\,\h'cnF\) — ^ 
H^~^{C, C n F). On the other hand, since u refines u, we can find a 
map (fiiy-. (|z/|, lucnFl) {\^c\, l^cnFl) such that p^j^ and (p,y o p^ are 
homotopic. Therefore, p*^ = pI ° ft- Since p^^(ec) 7^ for some 
ec G H^^'^ducl, \oJcnF\), Pti'fti^c)) 0; which contradicts the trivi- 
ality of p*. 

Therefore, X is 74(F)g~^)-connected between P and Q. □ 
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Corollary 2.5. A compactum X is an Alexandroff -manifold pro- 
vided {X, F) is a KQ-manifold for some closed set F G X . 

Definition 2.6. Let X, P, Q and F be as in Definition 2.1. We say 
that the pair {X,F) is VQ-connected between P and Q if there exists 
an open cover u of X\{P U Q) such that g*: W~^{T,g{C H F)) 
H'^~^{C, C n F) is non-trivial for any partition C of X between P and 
Q and any surjective w-map g: C ^ T. The pair {X,F) is called a 
relative VQ-continuum provided {X,F) is Vj^-connected between any 
two open sets P,Q C X with disjoint closures. 

When F is the empty set, the above definition provides Vf^-continua 
introduced by Stefanov [15]. The proof of Proposition 2.3 yields the 
following stronger conclusion: 

Corollary 2.7. If a pair {X, F) is KQ-connected between two open sets 
P,Q C X with disjoint closures, then {X,F) is VQ-connected between 
P and Q. In particular, every KQ-manifold (X, F) is a relative VQ- 
continuum. 

There is an interesting analogy between l/(^-continua and relative Vq- 
continua. It follows from [12] and Corollary 2.7 that every compactum 
X with dime X = n contains a relative V^^-continuum. On the other 
hand, any compactum X with H"'{X; G) contains a Vj^-continuum 
(see [U] for finite-dimensional metric X, and [20] for any compact X). 

Another type of connectedness is inspired by Mazurkiewicz C-mani- 
folds, where C is a given class of spaces. 

Definition 2.8. Let P,Q C X be open subsets of X with disjoint 
closures. The space X is said be M{C)- connected between P and Q if 
for every set F C X with F E C there exists a continuum K G X \ F 
connecting P and Q. 

It is well known [8j that any compact space X which is A{D"'~'^)- 
connected between two open sets P,Q C X with disjoint closures is 
M-connected between P and Q with respect to the class of all normally 
placed (n — 2)-dimensional subsets of X (here D""^ is the class of all 
spaces of covering dimension dim < n — 2). We don't know if this 
holds when the covering dimension is replaced by the cohomological 
dimension dim^. But this is true if instead of A(D"~^)-connectedness 
the stronger fCf^-connectedness of X is assumed. 

Theorem 2.9. Let the pair {X, F) be strongly KQ-connected between 
two open disjoint sets P,Q G X . Then for every Lindeloff normally 
placed subset M C X with dim^ M < n — 2 there exists a continuum 
K <Z X \ M connecting P and Q. 
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Proof. Suppose there exists a Lindeloff normally placed subset M C X 
with dimg M < n — 2 such that any continuum K connecting P and Q 
meets M. According to [9l Lemma 2.5], there are open sets Pi,Qi G X 
such that Pi G P, Qi G Q and if is a continuum in X joining Pi 
and Qi, then K fl M\(Pi U Qi) 7^ 0- We are going to show this is not 
true, which will complete the proof. 

Let w be a finite open cover of y = X\{Pi U Qi) and e an element 
of H"'~^{\u)\, IojfdyI), both satisfying the requirements from Definition 
2.1 with P and Q replaced by Fi and Qi, respectively. Obviously, 
Ml = M\{Pi U Qi) is closed in M. So, Mi is also Lindeloff and 
normally placed in Y. Moreover, dim^ Mi < n — 2, which implies 
if"-i(Mi, Ml n F) = 0. Consequently, there exists an open cover 7 of 
Ml refining u and a simplicial map 

'^Z ■ (I7I, Ita/iOfI) (I^AfJ, Iwa/iOfI) such that {ttZY {i*M,{e)) = 0, 

where is the embedding (Io^mJ, |i^AfinF|) ^ \<^f\)- Since Mi 
is Lindeloff, we may assume that 7 = {Ui : z = 1,2, ..} is countable. 
Next, let 7i = {Ai : 1,2, ..} be a system of closed in Mi sets covering 
Ml n F such that G UiH F for all i. Using the proof of [?[ Theorem 
3.1.1], we find an open in Mi system {Li : i = 1,2,..} such that 

Ai = {Lj : i = 1,2, ..} is a swelling of 71 with ^ G Ui, i > 1, where 

L- ^ is the closure of Li in Mi. Recall that Ai is a swelling of 71 if 

each L^^ contains A^ and for any finite set of indices ii,..,is we have 

Dfcli ^il ^ iff nCi K ^ 0- Consider the Lindeloff space Mi\L, 
where L = |Jj>i Mi\L is non-empty, there exists a countable 

system A2 = {Bi : i = 1,2,..} of closed subsets of Mi such that A2 
covers Mi\L, A2 refines 7 and all Bi are contained in Mi\F. In case 
Mi\L = 0, A2 is the empty family. Obviously, A = Ai U A2 is a closed 
countable cover of Mi refining 7. Let A = {Ai : i = 1,2,..}. Using 
again the proof of [H Theorem 3.1.1], we find an open in Mi swelling 
6 = {Wi : i = 1,2, ..} of A such that 9 refines 7. Moreover, we can 
insist that WiHF = provided Aj n F = 0. 

Claim. There exists an open in Y swellings a = {Vi : i = 1,2, ..} of 
A refining u such that Ai G ViD Mi G Wi for all i. 

We follow the proof of Lemma 4.1.2 from [XT]. Obviously, it suffices 
to construct by induction open in Y swellings am = {Vi, ...,Vm} of 
{Ai, Am}, m>l, such that 

. Afc c Vfc n Ml c Vfc n Ml c 144, A; > 1; 

• each Vi is contained in an element of u. 
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Suppose we already constructed am for some m. Since A^+i and 
M\Wm+i are closed disjoint subsets of Mi and Mi is normally placed 
in Y, there are disjoint open in Y sets V^^i and Kn+i with A^+i C 
^m+i ^'^'^ C Kn+i- Let £" be the union of all intersections 

Vi-^ n ... n Vi^, m, such that nfe=i ^ ^m+i = 0- We claim 

that E n Am+i = 0. Indeed, otherwise nfc=i ^ifc ^m+i 7^ for some 
indices ji, ..,jp such that jk < m and 0^=1 ^m+i = iZ*- Then 

k=p k=p k=p 

Pi Fj, n c fl Fj, n M n A„+i c f| Wj^ n w^^+i 0. 
fc=i fc=i fe=i 

Since {Wi : i — 1,2, ..} is a sweUing of A, this implies that n^~^Aj^ fl 
Am+i 7^ 0, a contradiction. To finish the inductive step, observe that 
A refines u. So, there exists O E uj containing A^+i. We set Vn+i = 
Vm+i ^ 0\E, and am+i = cr^ U {Kn+i}. It is easily seen that a^+i is 
a swelling of {Aj : i — 1,2, ..,m + 1}, which completes the proof of the 
claim. 

Recall that ^ is a refining of 7. Moreover, any refining function 
between 9 and 7 provides a simplicial map 

TT^ : (\0\, \9MinF\) (ItmiI, |7MinF|) such that(7r^)*(i;^^(e)) = 0, 

where vrf, is the composition vr^, o tt^. Let 9j = {Wi : Ai E Xj}, j = 1,2. 
Obviously, 9 = 9iU 92- Consider the open in Y system 

a = {Vi\F : Wi E ^2} U {Vi : Wi e ^i} and let = |J E. 

It follows from our construction that a — {Ej : i — 1,2,..} has the 
following property: for any indices ii, ..,is we have 

k=s k=s k=s k=s 

f|E,, ^0iff f|I^,,^0and f]Ei^nF^0m f]Wi,nF^0. 

k=l k=l k=l k=l 

Therefore, there exists a simplicial homeomorphism ^ between the 
nerves (16*1, \9MinF\) and (|cr|, |a"vynF|)- So, is also a simplicial home- 
omorphism from (|a|, |o-vKnF|) onto {\9\, \9MinF\)- Then for the simpli- 
cial map TT below we have 

TT = o TT^ o ■■ {\cr\, \(TwnF\) (kl, ^Fnyl), 7r*(e) = 0. 
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Suppose the set W contains a partition C of X between Pi and 
Qi and consider the following diagram, where i and ic are natural 
inclusions: 



(kc|, kFncI) 



\ujFnY\) 



Par 



(C, CDF) 



{Y, FDY) 



It follows from our construction that for every x E C (resp., x E CdF) 
both points n{i{pfj^{x))) and pi^{ic{x)) belong to a simplex of the nerve 
\u!\ (resp. |a;i?ny I)- So, the maps n o i o p^^ and p^i o ic are homotopic 
and we have the commutative diagram: 



H^-\\uj\,\coFnY\ 



H^-'{\al\awnF\) 



H''-\Y,FnY) 

Because 7r*(e) — 0, the last diagram implies 
(2) ^c(P:(e) = 0. 

On the other hand, the following diagram 



i/""^(|ac|,|acnF|) 



m-\c,cnF) 



H^-\\u\,\ujFnY\) 



H"-\\uJc\AuJcnF\) 



H''-\Y,FnY) — i7"-^(c,cnF) 
yields 

(3) ^c(K(e)=P:,(Ce(e)) = 0. 

Combining (2) and (3), we obtain p^p(^^p(e)) = 0, a contradiction. 

Hence, W does not contain any partition of X between Pi and Qi. 
Choose an open set W such that both sets Pi\W^ and Qi\W are non- 
empty and W r\Y — W. Suppose that X\W is not connected between 
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Pi\W and Qi\W, i.e. X\W = AUB with A, B being disjoint closed 
sets such that Pi\W C A and Qi\W C B. Then the sets B' = BUQ^ 
and A' = AU Pi are disjoint and closed in X whose union is a proper 
subset of X. So, there is a partition C in X between A' and B'. 
Obviously, C is a partition between Pi and Qi which is contained in 
W, a contradiction. Hence, X\W is connected between Pi\W and 
Qi\W. This implies (see [11], §47, Theorem 3]) the existence of a 
continuum K C X\W connecting Pi and Q^. Finally, since Mi C W, 
K C X\Mi. This contradicts the fact that any continuum connecting 
Pi and Qi should meet Mi. □ 

Corollary 2.10. Every strong KQ-manifold is a Mazurkiewicz D^~^- 
manifold. 

3. Homology manifolds and Mazurkiewicz manifolds 

In this section we are going to show that some homological properties 
of a metric space X imply that X is a Mazurkiewicz arc n-manifold in 
the following sense: If M is an Po--subset of X with dimM < n — 2, 
then any two massive disjoint sets A and B can be joined by an arc. 

Everywhere in this section we consider singular homology groups 
reduced in dimension zero with coefficients in a given group G (if G 
is not written then the coefficients are integers). The following notion 
introduced by Torunczyk [18] is well known: A closed subset ^4 of a 
space X is said to be a Zn-set in X if for any map /: I" — )• X and any 
open cover oj oi X there is a map g:l^^X which is w-close to / (i.e., 
for all X G I" both points f{x) and g{x) belong to some element of 
bj). A homological counterpart of this notion was defined by Banakh- 
Cauty-Karassev [3]: A closed subset ^4 C X is called a G-homological 
Zn-set m X if Hk{U, U\A] G) = for a\\k<n and all open U (Z X. It 
follows from the excision axiom that a point x G X is a G-homological 
Z„-set in X provided Hk{X, X\x; G) = for all k < n. 

Further, let us remind the definition of the separating dimension t{X) 
of a space X introduced by Steinke and its transfinite extension 
trt{X) given by Arenas-Chatyrko-Puertas p]: trt{X) = —1 iff X = 0; 
trt{X) < a for an ordinal a if any closed set P C X with containing 
at least two points can be separated by a closed set P C P with 
trt{P) < a. When trt{X) is an integer, then trt{X) = t{X). Moreover, 
t{X) < ind(X) [H]. Hence, for metrizable X we have t{X) < ind(X) < 
dimX. 

Theorem 3.1. Let X be a complete metric space and M be an F^- 

subset of X such that trt{M) < n — 2 and Pfc(X, X\x; G) = for all 
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k < n — 1 and all x G M. Suppose P,Q C X are open sets which 
can be joined by an arc in X . Then there is an arc in X\M joining 
P and Q. In particular, any arcwise connected open subset of X is a 
Mazurkiewicz arc n-manifold provided that Hk{X, X\x; G) = for all 
k < n — 1 and x & X . 

Proof. Let M be a countable union of closed sets Mj, z = 1, 2, ... Since 
each x G M is a G-homological Z„_i-point in X and trt{Mi) < n—2, we 
can apply Theorem 4.3 from [3J stating that if A is a closed subset of a 
space X such that trt{A) = m and all a G A are G-homological Zn+m- 
points in X, then A is a G-homological Z„_|_jn,-set in X. Therefore, 
any one of the sets Mj is a G-homological Zi-set in X. Then, by 
[31 Theorem 3.2(6)], Mj are Zi-sets in X. Consequently, the spaces 
Ci = C{I, X\Mi) are dense (and obviously, open) in the space C(I,X) 
of all continuous maps from I into X equipped with the compact-open 
topology. Finally, since C{I,X) is complete, f]Ci is also dense in 
C{I,X). Because P and Q can be joined by an arc in X, there exists 
a map /: I — )■ X with /(O) G P and /(I) G Q. Therefore, the map 
/ can me approximated by maps /': I — )■ X\M. Since P and Q are 
open, there exists g: I ^ X\M with ^^(0) G P and g{l) G Q. 

The second half follows from the first one and the following observa- 
tions: if f/ C X is open, then the excision axiom implies Hk{U, U\x] G) = 
for all A; < n — 1 and x eU] moreover, trt{M) < dim M for any set 
M CX. □ 

Below, by an n-manifold over G we mean a metric space X such 
that for every x G X we have Hk{X, X\x : G) = if k ^ n and 
Hn{X,X\x ■.G) = G. 

Corollary 3.2. Let X be an arcwise connected complete metric space. 
In each of the following cases any arcwise connected open subset of X 
is a Mazurkiewicz arc n-manifold: 

(1) X is a homology n-manifold over a group G; 

(2) X is a product of n metric spaces Xj, 1 < i < n. 

Proof. The first item follows directly from Theorem 3.1. To prove the 
second one, consider the exact sequence for every i and a; G Xj 

Ho{X,\x : G) ^ HoiXi : G) ^ Ho{X„ X,\x : G) ^ 0. 

Since Xj is arcwise connected (as an image of X), IlQ{Xi : G) = 0. So, 
IIo{Xi, Xi\x : G) = 0. Then, by [3i Theorem 3.2 and Theorem 6.1(2)], 
IIk{X, X\x : G) = for every a: G X and k < n — 1. Finally, Theorem 
3.1 completes the proof. □ 
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Next theorem shows that in some situations the space X\M from 
Theorem 3.1 is arcwise connected. 

Theorem 3.3. Let X he a connected and locally connected complete 
metric space and M he an F^-set in X with dimM < n — 2. Then 
X\M is arcwise connected in each of the following cases: 

(1) X is a homology n-manifold over a group G; 

(2) X is a product of n metric spaces. 

Proof. Since X is connected and locally connected, it is arcwise con- 
nected and locally arcwise connected. Let M = [J Mj with each Mi 
being closed in X. It follows from the proofs of Theorem 3.1 and Corol- 
lary 3.2 that in any of the two cases Mj are Zi-sets in X. For any two 
points a,b & X\M consider the set- valued map $ : I — )■ X defined by 
$(0) = a, $(1) = b and = X for each t G (0, 1). It is easily seen 
that $ is lower semi-continuous and for every x G X and its neigh- 
borhood U there is a neighborhood V G U oi x with the following 
property: if t G [0, 1] and Xi,X2 are two points from fl V there is 
an arc in fl U joining Xi and X2. Then, by [51 Theorem 1.2], $ 
admits a continuous selection g: I ^ X\M. Obviously, g{T) is an arc 
in X\M joining a and b. □ 

Finally, we provide some conditions for Cantor manifolds to be Ma- 
zurkiewicz manifolds. 

Proposition 3.4. Suppose X is a connected complete metric space 
possessing a base B of open sets such that U is a Cantor manifold with 
respect to a given class C for every U E B. Then X\M is arcwise 
connected for every Fa-subset M = |jMj of X with Mi E C , i > 1. 

Proof. According to a result of Hadziivanov-Hamamdziev [71 Theo- 
rem 1], X\M is connected. Moreover, by the same result, all U\M, 
U E B, are connected. Hence, X\M is connected and locally con- 
nected. Because X\M is complete (as a G^-subset of X), it is arcwise 
connected. □ 
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